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A Level 1 Large-Deviation Principle for the
Autocovariances of Uniquely Ergodic
Transformations with Additive Noise
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A large-deviation principle (LDP) at level 1 for random means of the type
1 n—1
M"E; Y 2,Z,,,, n=1,2,.
j=0

is established. The random process {Z,},50 is given by Z,=®(X,)+¢,,
n=0,1,2,., where {X,},50 and {£,},50 are independent random sequences:
the former is a stationary process defined by X, = T"(Xy), X, is uniformly dis-
tributed on the circle S!, T: S! - S is a continuous, uniquely ergodic transfor-
mation preserving the Lebesgue measure on S', and {&,},50 is a random
sequence of independent and identically distributed random variables on S'; @
is a continuous real function. The LDP at level 1 for the means M, is obtained
by using the level 2 LDP for the Markov process {V,=(X,, ¢, Euvi)lnso
and the contraction principle. For establishing this level 2 LDP, one can con-
sider a more general setting: 7: [0, 1) — [0, 1) is a measure-preserving Lebesgue
measure, @: [0, 1) » R is a real measurable function, and ¢, are independent
and identically distributed random variables on R (for instance, they could have
a Gaussian distribution with mean zero and variance 02). The analogous result
for the case of autocovariance of order & is also true.
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1. INTRODUCTION

Given a probability space (£, #, P) and a measurable transformation
T: Q- Q, we say that T is measure preserving if

P(T~Y(A)=P(4), VAeF (L.1)

We say that T is uniquely ergodic if there exists only one invariant measure
for T, in the sense of (1.1).

We will parametrize points y=exp {2mix} in the circle S' by
x€[0, 1) and we shall identify x and y according to the convenience. In the
sequel we will consider 7: S' - S! a continuous map. With this identifica-
tion on mind, we point out that the main motivation of this paper came
from Time Series Analysis. In that context, the process

X, =T"(X,) (1.2)

where T:[0,1)—[0, 1) is a continuous, measure preserving transforma-
tion and T" is the composition of 7, n times, is called signal process.

One of the examples of transformations we are interested in is T
defined by

T(x)=(x+a)mod I, xe[0,1) (L3)

where a is irrational. It is well known that this transformation preserves the
Lebesgue measure A on ([0, 1), ({0, 1})), where %(A) is the Borel o-field
of subsets of A4; moreover, T is uniquely ergodic (Durrett, 1996). For this
example, the process {X,},5o in (1.2) is stationary if and only if X is
uniformly distributed on [0, 1). We observe that this process may be
viewed as a Markov process with transition function p(x, 4)=238,(T(x)),
Ae ([0, 1)),

1 ve A
0 =4’
) {0, e
having the Lebesgue measure on {0, 1) as its unique stationary distribu-
tion. Other examples of uniquely ergodic transformations appear in Lopes
and Rocha (1994), Coelho er al. (1994), and Lopes and Lopes (1995,
1996).
Let @ be any continuous real function on S and {¢,}, ., a sequence
of independent and identically distributed random variables in the circle S,
common distribution #, and independent of {X,},.,. We define

Z,=®(X,)+¢,, n=0,1,. (14)
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When &(x)=cos(2nx) and T is given by (1.3), the process Z, is called the
harmonic model.

The main goal in this paper is to establish a level 1 large-deviation
principle {LDP) for the random means

% Z it n=1,2,. (1.5)
where Z, is defined in (1.4) with T:[0,1)—[0,1) being a continuous,
uniquely ergodic transformation preserving the Lebesgue measure 4 (or a
measure absolutely continuous with respect to the Lebesgue measure). For
simplifying the exposition we shall assume that T preserves the Lebesgue
measure. We refer the reader to Lopes and Lopes (1995, 1996) for the
motivation of analyzing such process and where all results at level 2 LDP
considered here are applied. The strategy we shall follow consists in firstly
to get a level 2 LDP for the process

Vnz(Xn,én’én+l)’ n=0, la 2a (16)

and then, using the Contraction Principle (see Ellis, 1985), to obtain the
level 1 LDP for (1.5).

The level 2 LDP is considered in Sections 3 and 4. The assumptions
on {&,} .50 and T may be weakened in this case: the random variables &,
nz=0, may not have compact support (the random variable ¢, can be
Gaussian distributed) and the transformation 7 can be discontinuous.
In Section 5 we obtain the level 1 LDP for (1.5) when &, has compact sup-
port. In Section 6 we make some remarks about special situations and
extension results. In Remark 6.5 we point out that similar results are also
valid for the autocovariance of order k, that is, for sums of the form

S| -

n—k
Y Z,Z;
j=0

The level 1 LDP for the random means M,, as in (1.5) is not true when
£, is a Gaussian distributed random variable.

2. STATEMENT OF THE MAIN RESULTS

In what follows we introduce notations, definitions, and we state the
main results of this paper.
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The random process { ¥,,} 50 In (1.6) is a Markov process with phase
space S=[0, 1) x R? and transition function

II((x, y, z), d(xy, y1,21)) =5T(x) (dxy) 5{2} (dyy) n(dz,), (x, y,z)eS
(2.1)

where the random variables &,, &,.... are independent and identically dis-
tributed with common distribution # on R.

It is worth to remark that, given a Markov process with phase space
S, transition function 77, and initial distribution u, the Kolmogorov Exist-
ence theorem (see Billingsley, 1995) allows one to construct a measure P,
on sequence space (SN, o(%)) so that the sequence Y, (w)=w,, we SN, has
the same distribution as the original Markov process.

From now on, let us assume Q= SN as being the space of sequences
of elements of S, a(%) be the o-field generated by the cylinder sets, and P,
the probability measure on (L2, o(%)) given by

P Vo€ Ags. V,,eA,,]zL p(dvy) L H(vo,dul)---L (v,_,, dv,)
0 t n
(2.2)

YAy, -+, A, € A(S), where u is a (initial) distribution on (S, 4(S)). If
u(-y=0,), for ve S, the above measure is denoted by P, and the corre-
sponding expectation by E,.

If 5 is the distribution of &,, it is not difficult to see that the product
measure A xy x#n on (S, #4(S)) is the unique stationary distribution for the
Markov process {V,},5o (in the sense that the only initial distribution
that makes {V,},., a stationary process is Ax#xn). By the ergodic
theorem (see Durrett, 1996), for any A x 5 x #-integrable function g,

n—1
lim ©Y gV =] d@xnx @), Prgas (23)
n— o ]=0
where Vi(w)=(X;,¢;, & 1) (w)=w, for all weQ. Moreover, the above
convergence holds P-a.s., Yve S (see Doob, 1953).

Let .#,(S) be the space of probability measures on £(S); it is a Polish
space (complete, separable metric space) if we impose on it the weak
topology (which is compatible with the Lévy metric) (see Appendix in
Dembo and Zeitouni, 1993). For measures in .#(S) we shall introduce
some definitions. By writing S=S5;xS§,xS,, for ie{1,2,3} let x, be the
projection of S onto §;, and 7z, be the projection of S onto §;x S, for
i, je {1, 2,3}, defined by 7,(s,, 55, 85) =5, and 7, (s;, 55, 83) = (s, 5;). [f v is
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a measure in .#(S), then define a probability measure n,v on #(S,) by
requiring that, for each ie {1, 2, 3},

v F)=vr \(F))= v{(s, S5, 53)€S:5,€F}, VFe A(S))
The measure ;v is called the i-dimensional marginal of v. Similarly, define
m;v as the probability measure on #(S;x S)), for each i, je {1, 2, 3}, given

by

n v(F)=v(7rijT'(F)):v{(s1,s2,s3)eS: (s, sj)eF}, VFe#(S;x85;)

i

The measure ;v is called the (i, j)-dimensional marginal of v. We also
define, for each ve .#(S), a new measure vT ! in .#,(S) by requiring

VI Y AXxBxC)=w(T Y A)xBxC)

for all measurable rectangle 4 x B x C.
Let us introduce the empirical means

Z (Xj(w), &;(w), ~f,-+1(w))( ) (24)

El'—'

1720
L,,(W =; Z OV(W)

we SN, n=1,2,... Clearly, for each we SN, L (w, )e.#(S). Moreover,
L, is o(%)-measurable:

L7 (A)={weQ:L,w,-)ed}ea(¥), VA e B(M(S))
The distribution of L, on #(.#,(S)) is Q,, ,(-) given by
O (A)=P,[L7Y(A)],  VAeB(M(S)) (2.5)
where u is a distribution on (S, 4(S)). In particular, if u(-)=0,-), for

ve S, we shall use the notation @, ,(-)
Since

n—1

J_ g0 L,ow o= I &)

it follows from (2.3) that

L(w, y==Axnxn, P,as, VveS
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and then

lim Qn, v(A) =0

n— ©

if Axyxn¢A, AeB(M(S)), where A is the closure of 4. Hence, the
sequence {Q, ,(-):n=1,2,.} converges weakly, when n goes to infinity,
to the unit point measure d;,,,, on .#(S). We shall show that the
sequence V, obeys a LDP at level 2 (see Ellis, 1985), with the entropy
function I(v), ve.#,(S) (this statement is equivalent to that the family
{Q,,v(-):n=1} obeys a LDP with entropy function /(v)).

In Sections 3 and 4 we prove that /(v) is given by

m m
In—dv, if ve.#, and In—\dv< +
I(v)= L my 0 L My (2.6)
+ o otherwise
where
My={ve H(S) mv=Anv=mT v ixyxn} (2.7)
(X, 3, 2) = (x, y, 2)
s b Cdixpxn SR
and
mialx, p)= [ mlx, y,z)n(de) (28)
R

We may say that

m(x, y, z)

miy(x, ) =m(z/x. y)

is the conditional density of myv/m,,v, with respect to the measure #.
Now we state the main result in this paper (the level 2 LDP) which
will be proved in Sections 3 and 4.
Theorem 2.1. For I(v) given in (2.6) and for any (x, y, z)€ S,

(a) Lower Bound: for all open set G < .#,(S),

InQ, (., (G)= —inf I(v) (2.9)

veG

I | =

lim

n— oo
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(b) Upper Bound: for all closed set Fc . .#,(S),

— 1
lim -InQ, ., ,(F)< —inf I(v) (2.10)

n—-ao N veF

(c) Compactness of the Level Sets: Vs >0, {ve . #(S): I(v)<s} isa
compact set in the weak topology.

A corollary (see Theorem 4.3.1 in Dembo and Zeitouni, 1993) of this
theorem is that if ¥ is a bounded real-valued weakly continuous functional
on .#(S), then

1
lim —In E@erafe ¥ = — inf [P(v)+ (v))]

n—-ow N ve .#(S)

To prove Theorem 2.1 we use the same approach of Donsker and
Varadhan (1975a): starting with the functional

Kv)= — inf jln%d‘r (2.11)
S

yew

where

Hl//(x’ y’ z)zjs l//(xl’ yla :]) H((,\', )’, :)s d(xl’ yl*:l)) (212)

with I7 defined in (2.1) and

W ={y:S— R:y is continuous, 3a, b such that

O<a<y(x, y,z)<b< +w,VY(x, y,2)e S} (2.13)

we prove that /(v) in (2.11) coincides with /(v) in (2.6) and then we show
that {Q, ,(-):n=1} obeys a Weak Large-Deviation Principle with
entropy function I(v) (i.e., Theorem 2.1 is valid but the upper bound holds
only for compact subsets of .#,(S)). To extend the upper bound to closed
sets, it is enough that {Q, ,(-):n>1} be exponentially tight, which is
proved in Lemma 4.1 of Section 4. If the distribution of &, has compact
support then .#,(S) is compact which implies that the Weak LDP is in fact
the LDP for the process.

It is important to observe that the functional /(-) in (2.11) is lower
semicontinuous in the weak topology of .#(S) and convex. Moreover,
I(v)=0 if and only if v is the invariant measure of /7 (see Lemma 2.5 in
Donsker and Varadhan, 1975a).
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Now, returning to the means (1.5), we have
ZZ, = PX)+EIDT(X))+E500]
If g: S— R is defined by
glx, ¥ 2} =[P(x) + yI[LP(T(x)) + 2] (2.14)

we may write

1 n—1 n—1

Z sz(w)_—Zg w):fsg(u)dL,,(w,u) (2.15)

Assuming that 7 is continuous and the distribution # has compact support
(which is true if the random variables &, have distribution on S'), the func-
tion g is continuous and bounded. Therefore, the operator %: .#,(S) — R,
such that 4(v) = SS g(v) v(dv), is weakly continuous. Using the Contraction
Principle (see Ellis, 1985), the LDP at level 1 for (1.5) is obtained taking
into account (2.15): the level I entropy function /() is given by

Ir)= inf I(v)zinf{](v);vej/l(S),fg(u)v(du):r}
S

{v,8>=r

where I(-) is the level 2 entropy function for {Q, ,(-):n>1}. In this way
the LDP at level 1 follows from the LDP at level 2.

3. LEVEL 2 LARGE DEVIATIONS: LOWER BOUND

The goal here is to prove part {a) of Theorem 2.1. For proving it we
need some lemmas.

First we consider the random process {X,}, ., introduced in (1.2);
it can be seen as a Markov process with transition function p(x, 4)=
04(T(x)), xe[0,1). Throughout this section and Section 4 T is not
assumed to be a continuous transformation and the support of the random
variables £, is not compact, necessarily. As 7 is uniquely ergodic and
preserves the Lebesgue measure, the uniform distribution on [0,1) is the
unique stationary measure for the process X, =¢o T

Let

- 1 n—1
Lﬁ,l)(x, )= Z ()X(x) =; z 5Tf(x)( ) xe[0,1)
j— j=0

1"
n;
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The ergodic theorem says that

LMY(x, ) = A(-), VYxe[0,1)

n— o

where 4 is the Lebesgue measure on [0,1).

Let Q'V(-) be the distribution of L{"(x,-) on #(.#,([0, 1))). Notice
that, once the initial point x is fixed, the process {X,}, ., is deterministic
as well as L{"(x, ). The next lemma follows from this observation.

Lemma 3.1. (a) For all open set G <. #([0, 1)),

I
lim -1n Q{(G)> — inf I'V(v)

n-ow R veG

and (b) for all closed set F<.#,([0, 1)),

— 1
lim - QV(F)< —inf I'V(v)
P2

n— 4+ o veF

where the entropy function at level 2 /'V(v) for the process {X,},, is
given by

0, if v=4

1(1)(‘;)2{-’_% lf v¢;

Secondly, we consider the Markov process {V,},., introduced in
(1.6). Its transition function 7 is given in (2.1) and its phase space is
S=1[0,1)xR2 Let I(-) be the entropy function defined in (2.11).

Lemma 3.2. [(v)< +4cc if and only if ve.#, and the density
m(x, y, z) of v with respect to 4 x # x n satisfies

k

where m,(x, y) is given in (2.8) and .4, is the set introduced in (2.7).
Moreover,

m(x, y, z)

In
m(x, y)

mix, y, 2YAxgxn)d(x, y,z)) < + @ (3.1

m(x, y, z) )
———v(d(x, y, 2)), f .#and (3.1) holds
Iv) = L"mu(x,y)‘(‘(‘ ».2). b ve.#and (34) ho (3.2)

+ o0, otherwise
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Proof. Suppose that ve.#, and that (3.1) holds. Let

dv
m(x,y,2)=m(x,y,2), {(x,y,z)eS
and
(x.2)= [ mix. poz) ) =202 (x, 2)
myslx, —R s Vs ”y_dzlxn » Z

Since 73T "} (A x B)=7n3W(T "}(A4) x B), for all A€ B([0, 1)), Be B(R),
and T is A-preserving, we get

drvT !
Ty A =maT ), 2)
Taking into account that z,v=m;;vT !, we have my(x, y)=

m(T~Y(x), y). Let

m(x, y,z)

dz) n(dy) d
Ml ) n(dz) n(dy) dx

l=f m(x, y,z)In
S

By hypothesis, / < 4+ oc. Notice that, for Yy e #,
n 1Y

sy =in | WTE. 00—l gs 02, Ve yz)es

So, if we show that, for all Yy e %,
f f [mj W(T(x), z, u) ndu) | mys(x, 2) 5(dz) dx
[0, 1) YR R

—Lm(x, y, 2) In(x, y, 2) n(de) n(dy) dx > — 1 (3.3)

then I(v) </, I{-) being the functional in (2.11).

Recall that the marginal density of 7, v is m(x) =1, for all xe[0, 1),
so that, for each xe€[0, 1), m(x, y, z) is a probability density (with respect
to # x#) of some measure u, on %(R?). For each xe[0, 1), let us define
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A,={(y,z)eR?*:m(x, y,2)>0}. Clearly u,(A4,)=1 Let B,={yeR:
m,(x, y) >0}, Since the first marginal 4" of u, has density m,(x, y) with
respect to #, #V(B,) =1 which means that

=, mats vty = | [ s,y 2yt | i)
B, B 'R

Hence, u.(B,xR)=1 and we may identify A, with B, xR, in terms of
integration. Then,

1

J e 3 2) I v, . 2) () nidy) dx

:f[o 1)H[ln Y(x, y, 2)} m(x, y, z) ndy) nldz) dx
e’

X

- Wwix, y, z) m(x, v, z)
—‘[[0, 1 Hln [ izl y)] my(x, y) n(dz) myy(x, y) n(dy) dx

m(x, y, )
+J[o, n ﬂ n [ i, y) ) % ¥ 2 ldz) m(dy) dx

X

But, for each (x, y)e [0, 1) x R with m5(x, y) >0, m(x, y, z)/m5(x, y)is a
density with respect to # for some probability measure on %#(R). Using Jen-
sen’s inequality in the first integral on the right hand side of the last
equality (this is possible if one substitutes 4, by B, x R), we obtain

ref [ | [ vtn st mate )ty dx e+
[0, 'R R

Since m,v=m;;vT ! and 1=AT ', we may write

r<f o] [ o2V n(de) | T 7000, ) () T )+
[0, "R R

[ ] ln“ W(T (o), y,z)n(dn]mn(v,y)n(dy)de
(0.1 'R R

and we get (3.3).
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Now suppose that I(v) < +oo. Let I(v) =/ for ve .#(S). Then,
[T om0 man | s, =)
[0, 1) "R R

—j ny(x, y.2)vdx, p2)) = =1, Vjew (3.4)
S

From Lusin’s theorem (see Rudin, 1974), (3.4) also holds for all non-
negative measurable functions on S, bounded away from zero and infinity.
We denote this set by # *

Let e #'* be defined by Y(x, y, z) = (x) Yo ¥) ¥s(z), where ¥, is
any continuous function with ¥,(x) >0, Vxe [0, 1), y,=1, and

k, ze A
w4n={h el

where k> 1 and 4 € #(R). For such y, (3.4) implies that

msv(A) In k< I+ In[ky(A) +n(A)] + | (T ()

[0,

—f In ¥ ,(x) 7, v(dx) (3.5)
fo, 1)

Suppose that 7, v# 1. From Lemma 3.1, we know that for all M >0,
there exists a positive continuous function y, on [0,1) such that

'f lnwnlv(dx)< -M
[0, 1)

i(x)
So, we may choose M, y,, and k in such a way that (3.5) implies that
nav(A)Ink <!+ In[kn(A)+5(A4°)] —M <0

which is a contradiction, if M is large enough. Therefore, ;v = A.
Now take Y(x, y, z) =y (x) ¥(y) ¥3(z) with

k, (x, y)EA, XA,
1

lpl(x)‘pz(J/):{ , (x, y)¢ A, xA,
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where 4, € #([0, 1}), A, #(R), and ;= 1. Notice that
Y(T(x) Yy =k<(x, y)eT 1 (A4,)x 4,
Hence (3.4) implies that, for £ > 1,

/
- T-YA Ay) < —
T (A x Ay) —m3¥( (4,)x A43) nk

By making k£ — oo, we get
Tpv( Ay X Ay) 79T (A x 4y)

from what follows the equality of measures n,,v and 7 ,;vT ~', if one takes
the complement of the set.

To show that v<<Axnxpn first we show that z,;vT~'<<ixy.
Choose e #'* such that Y(x, y,z) =y (x,z) ¥(y), ¥,=1, and for
AeHB([0, 1)xR),

_ k, (x,z)e A
‘/"(X’Z)_{l, (x,z)€ A°

By Jensen’s inequality and (3.4) we get

an j U (T(x), u)n(du)dx—j f In (X, ) s v(dix, 2)) = —1
[0, 1) R [0, R

Since 1= AT ™!, the last inequality implies that
nsv(A)Ink</+In[(k—1)(Axy)(4)+1]
If (Axy)}(A)=0 we have

/
ns(A)<——>0, when k- 4+
In k

Hence, 7,3v << 4 x 5. Consequently, n;,vT ~' << 4 x 7 since
VT "HAXB)=m;3w(T ~'(4)x B)
and we conclude that

dny3v B dn T ! B .
dftx;y(x’ y)=mp(x, y) <= dixn (x, yy=m; (T (x), y)
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Using this fact and that T is A-preserving, (3.4) may be written as
J f [ln[ Wix, z, u) n(du)} navT N d(x, 2))
[0, YR R

—j Inw(x, y, 2) Wdx, y,2)) = —1 (3.6)
S

Finally, for having v<< A x#n x# it suffices that v<<n;3vT ! x7. To
prove this last statement, choose y € #°* as

k, (x,y,2)eA

vix, 2)2{1, (x, y,z) € A°

where 4 € 24(S). Jensen’s inequality and (3.6) imply that

) 1
v(A) <m+mln{k[nl3vT“ xn)(A)+ [m3vT ~Pxn](4°)}

from what we conclude, by taking £ — + oo, that v << 7 3vT "I x 7.
It remains to show that (3.1) holds. By defining

| 1
un(x,y,z)=<wv—>/\n5<a(x,y,z)v-r;>/\n, nzl

mp(x,y) n

and following the same arguments as in the proof of Lemma 2.1 in
Donsker and Varadhan (1975a), we get (3.1). In what follows we outline
the main steps.

From the Dominated Convergence theorem,

im [ (o, 3, 2) miglx, y)=mix, p, 2) (Ax g xn)(dx, p,2) =0 (37)

n—s>o0Js

But /(v)=/< + oo implies that (3.6) holds for all Yy e #" and then from
Lusin’s theorem it also holds for y € #"*. Hence, for ¢y = u,, and using Jen-
sen’s inequality, we get from (3.6),

[ I, (x, y,2) wdlx, 3, 2)

<In L (X, y, 2) mia(x, y) nidy) n(dz) dx +1 (38)
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for obtaining the above inequality we also used the fact that 7;;v7T ' =
T, v. Since m(x, y, z) is a probability density with respect to Ax#nx#n, it
follows from (3.7) and (3.8) that

EHLMan%ﬂWﬂ&yJDSI (3.9)

n-— oo

By the Monotone Convergence Theorem

jamm—m TJ(MM_M=ijw"ﬂMﬂﬁM<+®
S

n—s oYy N

and then (3.9) implies that

lim j (In u,,)*dv<1+j a(lna)~ d(my,v) dp < + .
S

n— vy

Hence
f Ing|ldv< + o0
S

which is (3.1). Moreover,

JM&%ﬂmﬂﬁﬁﬁ
N

Axngxpldix, y,z))<l=Iv
" 7) (Axnxn)dx, y (v)
From the whole proof we also conclude that, if /(v) < + oo then

m(x, y,z)

myy(x, y)
so we have (3.2); besides, (2.11) and (3.2) are equal. |

10)= | m(x, y,2)In (Axqxy)d(x, 3, 2))

For proving the lower bound (2.9) in Theorem 2.1 we shall consider
a new Markov process with transition function /7' absolutely continuous
with respect to I1.

Let us introduce the set

d
My = {ve///o : m (x, y,z)=m(x, y, z)and 3¢, d

such that 0 <c<m(x, y,z) <d < + w0, ¥(x, ¥, z)eS}
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Let v be in .#, with density m(x, y, z). Define

’ -om(xq, ,z)
H((xa y»z), d(-x]a y,,zl))=_1_yL_1

H((xa y,Z)s d(xl’ yl’zl)) (310)
mya(xy, y1)

with IT as in (2.1).

Lemma 3.3. Under the above conditions, v is the only invariant
measure for 7',

Proof. Clearly I(v)< + o which implies, from Lemma 3.2, that
ve M. It is not difficult to show that

L I((x, 9, 2), Ay x Ay % A3) Wd(x, ,2)) = V(A X Ay X A3)

for any measurable rectangle A, x A, x A;. ||

Lemma 3.4. Let G be an open subset of .#(.S). Then

inf I(v)= inf I(v)

veG veG N,

Proof. This lemma can be proved as Lemma 2.9 in Donsker and
Varadhan (1975a) so we omit it. ||

Lemmas (3.2)-(3.4) allow one to prove the lower bound (2.9) by using
the same arguments as in Donsker and Varadhan (1975a). In what follows,
we outline the main steps of the proof.

Proof of the Lower Bound. Let ve.#, and, for simplifying the
notation,

mix, y,z)

W s ) El
R TR

=Ina(x, y, z), (x,y,2)eS

where m is the density of v with respect to A x#n x#n. Then I(v)={g W dv.
Let S(v;¢) be the sphere with center v of radius £¢>0, in the weak
topology on .#(S). Define E, , ,={w:L,(w,-)eS(v;¢)}. One may show
that
—1
0, LS e)] = P25 V)
By oo MXp Y0 2))
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where P/, is the probability measure in 2 =S" induced by the transition
function I7'(v, du) defined in (3.10).
For each ¢ >0, define

F

nov, e

{w, i W(Vo)w)+ - + W( Vn—l)(“')_f
' n

Then
Qn,v[S(V; 8)] 2exp{ —I’l[](") +8’]} P:)[En, v,sm Fn, v,s’]

By Lemma 3.3, v is the unique invariant measure for /7'. From the
ergodic theorem (see Doob, 1953),

L,(w, )=y, Pi-as., VveS

so that, Ve >0, V&' >0,

lim PJE,,. ]=1 and lim P[F,,.]1=1
n— + o0 n— + oo
Hence,
. 1 .
lim ;an,,‘v[S(v;e)]Z—l(v), A
n— + oo

Now, let G be an open subset of .#(S) and take ve G n.#,. Since G
is an open set, there exists ¢>0 such that S(v; &) =G. By using the last
inequality and Lemma 3.4 we get (2.9). |

4, LEVEL 2 LARGE DEVIATIONS: UPPER BOUND

Following the same ideas as in Donsker and Varadhan (1975a), one
can prove the upper bound in (2.10) for compact sets. Since the measure
n has not compact support, .#,(S) is not a compact set. So, the inequality
for closed sets does not follow as a consequence.

Proof of the Upper Bound. Let ye# ', u=Ily, and e ¥ =y/u.
Notice that W=In /Iy —Iny is bounded and continuous. From the
Markov property it follows that

[Ev{exp{“[W(Vo)'f‘-“+W(V,,_1)]}U(V,,_l)}le(L‘), VUGS, 1121
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where V, =(X,,¢,, ¢, +1) as before. Then
E,{exp{ —[W(Vo)+ - + W(V,_ )]} <M

for some constant M > 0. This inequality may be written as

E9n: {exp {—n! Wd,u}} <M
S

where p e .#4,(S) is the integration variable.
First, take Fc .#,(S) as being any measurable set. From the above
inequality we get

Q. (F)< M sup f In <”—l/1> du, Ypew
ueF*S ‘//

and then

lim iln 0, (F)< inf supf In (ﬂp—)dy

n— + oo Vew pueF*°S l//

Secondly, for any Fc | J*_| F,, for F, measurable sets,

— 1 |
lim -InQ, (F)< inf sup inf sup f In <—¢> du
n— +oo N Fion By 1<i<k Ye# peF S Y

Fcuf_lF.

= i

Now, if F is a compact set it can be shown (see Donsker and
Varadhan, 1975b) that the expression on the right hand side of the above
inequality is equal to

sup inf f

peF yew °S

In <gl//£> du= — inf I{u)

nel

Up to now, (2.10) holds for compact sets F. Therefore, {Q, () :n>1}
satisfies a weak LDP with rate function I(-) given in (2.11). But Lemma 4.1,
to be proved below, tells us that this family of measures is exponentially
tight, so {2.10) holds for closed sets F as well (see Lemma 1.2.18 in Dembo
and Zeitouni, 1993). |

Relying on Lemma 1.2.18 in Dembo and Zeitouni (1993), since the
lower bound in (2.9) holds for all open sets and the family of measures
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{Q,. () :n=1} is exponentially tight, then I(.) in (3.2) is a good rate func-
tion, that is, the level sets {v: I(v) <s} are compact in the weak topology.
Moreover, this property is carried out to the rate function I,(.) for the
process M, in (1.5).

Lemma 4.1. The family of measures {Q, ., .(-):n=1} s
exponentially tight.

Proof. We shall prove that VL >1, there exists a compact set
C, <0, 1)x R? such that

— 1
llm —In Qn,(x. y.z)(C“L‘,)S -L

n-o H

For each yye # and />0 define the functional

W, (v) = exp [mj y dv], ve ()
S

Then

n—1
‘P,.,(Ln(w,-))=exp[f 2 Wl V,-(W))}
j=0

j=
where (V,),so is the random process in (2.6) and L,(w,-) is defined in
(2.4). Besides,

[EQH,(X.,Y.HWM(.):f

#(S)

exp {nt J W dv} On. (x. y, V)
S

n—1
= E(x, y.z) CXP |:l Z l//( VJ):I (4.1)
j=0

where E~-»2 is the expectation corresponding to the measure Q, . yo )
For each ¢ >0, define

A§={VE=,W1(S)'.I y dvzo‘}
S
Using (4.1), we get

n—1
Qn.(x, y.z)(Aé) Sexp{ _nlé} E(x. » 2} eXp |: ! Z ‘p( Vj)} (42)

Jj=0
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Choose {K,,} as a sequence of compact subsets of R for~which
n(Ke)—0 as m— +o0. Define K,,=[0,1)x K2, m>1. Clearly K,, is a
compact subset of S and

=10, 1)x {{K5)2 U (K, x K,) U (K, X KE,))

=[0,
[o, BluBzuBB)

Let us introduce the functions y,, = 2%, m = 1, and the sets
Ag’={v:j . dv)&}:{v: w(Ke) =0}
S

Then, by using (4.2),
Qn, (x, y, z)(A.'én)

3
< z Qn,(x,y,z)({v;v([o’ I)XB:n)>o‘/3})

i=1

3 n—1
<exp{ —ntd/3} Z [Eexp{ Y A (&), éj+,)}

j=0

=exp{ —ntd/3} \i (4.3)

where [E is the expectation corresponding to the independent and identi-
cally distributed random process &, £, = y and &, =z with probability one.
One can see that

n—1
I = J.IR"" exXp {f z %b;(zj, Zj+1)} nldz,) - -nldz,)
j=0

where zy= y and z; =z Since
n—1 n—1
Z grB,l"(Zj’ Zi) < Z gl‘Kf"(Zj+l)

j=0 j=0

we get, for any 0 <& <] and for m large enough such that ze K,,,,

n—1
he ([ el ttig o) i) )

<[em({v: IK‘( )=ef)+e“n({v '“11(‘ v)<ep)]"” !
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Now, for each >0 we choose m so large that
en{v: Zg(v) 2e}) <1

This is possible because %, k< (+) converges to zero as m goes to infinity in
n-measure. Besides, 0 <& <1 being arbitrary, we choose ¢ so small that
e" < 2. Hence, for m large enough and depending on ¢, I, < 3"

Similarly, there exists m sufficiently large and depending on ¢ such that
I, <3" and I, < 3" Therefore, V1 >0, 3m=m,>0such that I, + I, + I, < 9"
which implies by (4.3) that

Qn, (x, y, z)(A:sn') < CXp{ —nt(5/3} 9"

Let L>=1. For /2L, take d=1// and r=3/(/+In9+1). Then, by
writing m, = m;

Or iy AT <e™™ D yn>1, VI>L (4.4)

Let
C.=N {v v(K,,)>1 —%} S H,(S)
=L

This set is relatively compact. By Prohorov’s theorem (see Appendix of
Dembo and Zeitouni, 1993, page 319), C, is compact in .#,(S). Since

cs=U {v:mK;)>1}
Iz2L

we get, from (4.4),

Qn, (x y,z)(Ci)ée_"L, VL>1. |

5. LEVEL 1 LARGE DEVIATIONS

In this section we assume that 7T is a continuous transformation and
n has compact support.
The rate function that governs large deviations for the means

n—1
M,==Y Z,Z,.,, n=12.
j=0

X |-
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introduced in (1.5) is obtained by using the level 2 large deviations for
{V,},=0in (1.6).
Since Z; = &(X;) +¢;, we have
Z,Z; = [D(X) + I O(T(XG) + &0 ]
If g: S— R is defined by
g(x, ¥, 2) =[P(x) + yJ[(T(x)) + 2]

and taking into account (2.15) the ergodic theorem implies that

lim M,=| g(v)Axnxny)(dv)
s

n— 4+

:f D(x) D(T(x)) dx+f _( P(x) zn(dz) dx
[o, 1) R

[o. 1

+[ e pndy) dx+ [ [ yndy) nte),
{0,1)“R RYR
Pixyxyas.and P, -as., VY(x, y z)es.

In particular, if &, has zero mean, then

lim M,=| @@ STw)de, P, as, Yixp2)eSs
[0. 1)

n— + oo

In Sections 3 and 4 of this paper we established a full LDP for the
family of distributions Q, (x, ,, () of L,(w, -). Taking into account (2.15)
and using the Contraction Principle (see Ellis, 1985), the entropy function
for {M,},>1is given by

I(r)= inf 1(v)=inf{1(v):ve//,/l(S),Jg(v)v(du)zr} (5.1)
Ay

(vigd=r

where /() is the level 2 entropy function for the process {V,},5,. Clearly
I,(r)=0 if and only if rzjs g(v)(Axnxn)dv) because I(v)=0 if and
only if v=Axyxy. If &, has zero mean then I,(r)=0 if and only if
r={ro,1) P(u) &(T(u)) du.
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6. SOME REMARKS
Remark 6.1. Large deviations for the empirical pair measures
1 n—1

n jgo o(cf’ ¢j+1)( )

may be studied similarly to what was done in Sections 3 and 4. One can
prove that its entropy function is given by

m(x, y) .
1) = gln wd(x, y)), if ve.

my(x)
+ o0, otherwise,
where
M= {ve/[l(l}%z) IMV =TV, v X, H‘lnﬂ(x’—y) vd(x, y)) < + oo}
o ny(x)

with m(x, y) = (dv/(dy xn))(x, y) and m(x) = g m(x, y) n(dy).
Remark 6.2, Let Y,=(X,,¢&,), n=0, and consider the empirical
measures
1 n—1
= Oy (+)
Large deviations for the family of distributions of the above empirical
measures is governed by the entropy function

In m(x, y) v(d{x, y)), if ve

2) —
I'(v) = [0, 1)xR
+ o0, otherwise
where
\ dv
M= {ve L0, D xR) imyv=4, v<<dxy, m(x, y)= (x, ¥),
dixn

[In m(x, y)| v(d(x, y)) < +oo}
[0, 1)xR

This result may be obtained similarly to Sections 3 and 4 of this paper.
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Remark 6.3. One can generalize level 2 large deviations by con-
sidering the empirical pair measures corresponding to ¥, =(X,,£,), n>0.
Let

1

172
Ln(w"):ﬁ Z 5(1;(w),};+1(w))(')
j=

]

ln—l

== ) O Xy w), Xy 090, 000, €y o0 ) (6.1)
Jj=0

Clearly, for each we SN, L,(w, -) e #,(S), where S=[0, 1)2x R2,
The ergodic theorem implies that

Ly,(w,)=Axnxn, P, ,ras, VX p2z10€eS
where 2 is a measure on #([0, 1)) defined by
Z(AIXA2)=/1(A1(\T_1(A2)), VA,, A, %({0, 1))
For each ve .#,(S), we define the measure vT ~! e .#,(S) by
VI HAxBxCxD)=v(T Y 4)xT~{B)x Cx D)

for any measurable rectangle.
Let us define

My={veE M(S): MV =4V<KIXYXY, W13V =T 12T "'}
If ve A4, let m(x, y,z, 1) be the density of v with respect to _/Txnxry,
myas(x, ¥, z) be the marginal density of m,,3v with respect to Ax# and

Miza(X, y, 1) be the marginal density of 7;,,v with respect to Ax#. The
definition of 7,,,vT ! tells us that

-1
Ao vT

= (x, y 2) =mpd T7H(x), T~Y(), 2), (x, y,2)€[0,1)’xR
dixn

Moreover, from the condition 7,53V =75, vT ~', we have

leS(xa y’ Z) =m124(T—1(X)3 T_I(Y), Z)s (X, ya Z)E [O’ 1)2 X R



Level 1 Large-Deviation Principle 419

One can prove, as in Sections 3 and 4 of this paper, that the level 2
large deviations for L,(w, -) in {6.1) is governed by the entropy function

m
In dv< 4+

m ,
n——dy, if vey, and .[
s| My

1
IP() = ‘[S Mmya3

+ 00, otherwise

Remark 6.4. Returning to the process {V,}, >0 in (1.6), let us
define

Alp)= Tim 11n<supmvexp{"_'l/,(yj)})
=0

n— + oo ve S

J

where E, is the expectation corresponding to the measure [P, on
(SN, 6(%)), introduced in (2.2). Let B(S:R) be the set of bounded
measurable real functions.

Let

A*(v) = sup {jsl// dv—A(Y): yeB(S: R)}

By Lemma 4.1.36 in Deuschel and Stroock (1989), A*(v)=1(v), ve #(S),
where I(v) is defined in (2.11).

Remark 6.5. The results for random means { M.}, in (1.5) may
be extended to

n—k
MnE% Y ZiZysks nzk, kzl (6.2)
j=0

When {Z,},-o has zero mean they are called the autocovariances of order
k of the process Z,,.

The level 1 LDP for the random means (6.2) follows from the level 1
LDP for the corresponding autocovariances of order 1, in (1.5). To see
this, let us consider first the case k=2. One can verify that the process
{M,},>, in (6.2) has the same distribution as the process

aﬁ,”Mﬁ,”+aﬁ,2) Mf,z), nxzl1
where

n—1

i
MP=-Y vv,,, ad M®
n o

X WiW
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{Y.}nso and {W,} 5, are independent random sequences with the same
distribution as the process {Z,}, ., given by (1.5), with T2 instead of 7,
since T2 is a uniquely ergodic transformation, where T is given by (1.1).
The sequences {a"}, ., and {a!?} ., are real sequences converging to }
as n goes to infinity.

Since {a{V},-, and {a®},., are deterministic sequences their
entropy function is

. 0,
](r)={+oo, if r#

it r=3%

1

2
The level 1 entropy functions for M"Y and M® are equal and coincide
with I,(r) in (5.1).

Relying on the independence of the sequences a'), ¢!, MV, MP
and using the Contraction Principle (see Dembo and Zeitouni, 1993), we
obtain the level 1 entropy function for a{"M(" (which is the same for
a@ My

I(u) = inf {7( 12) + 1,(s) : -Z—: u} =I,(24), ueR

Hence, the level 1 entropy function for a{ MV +a® M@ is given by

IP(t)= inf {IVw)+IV):u+v=1t}

u,veR

inf {7,(2u)+1,(20):v=1t—u}

u,veR

ian_‘g {I12(2u) +1(2(t—u))}, for teR

Similarly, for each k > 1, the level 1 entropy function for {M,}, ., in (6.2)
is
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